In the k-splittable flow problem, each commodity can only use at most k paths and the key point is to find the suitable transmitting paths for each commodity. To guarantee the efficiency of the network, minimizing congestion is important, but it is not enough, the cost consumed by the network is also needed to minimize. Most researches restrict to congestion or cost, but not the both. In this paper, we consider the bi-objective (minimize congestion, minimize cost) k-splittable problem. We propose three different heuristic algorithms for this problem, 1
Introduction
In the traditional multi-commodity flow problems, the number of paths each commodity can use is not restricted. While in practice, large number of paths may reduce the central management of the network. Specifically in the multi-protocol label switched (MPLS) networks, data packets are transmitted by the label switched paths (LSPs) that support the routing of data traffic between different terminal nodes. Large number of LSPs will decrease the performance of the protocol. Baier (2005) proposed the k-splittable flow problem and the only difference from the traditional multi-commodity flow problem is that the number of paths each commodity can use is restricted. The k-splittable flow problem can be described as follows: Given a directed graph ( , , , ) G V E u c = with node set V and edge set E . Each edge e E ∈ has an arc capacity 0 e u > and an arc cost 0 e c > . A set of commodities is denoted by L , each commodity l L ∈ has a certain amount of demand l d to transmit from a source node l s to a destination node l t . The number of paths commodity l can use is l k . If
, it is the unsplittable flow problem (UFP) which is introduced by Kleinberg (1996) . If
, l L ∀ ∈ , it resolves into the traditional multi-commodity flow problem.
For the k-splittable flow problem, researchers generalized the four optimization versions introduced by Kleinberg (1996) for the UFP. These versions are minimum congestion, minimum number of rounds, maximum routable demand and maximum concurrent flow. In this paper, the minimum congestion version is studied and the aim is to find the smallest value 0 α > such that when using at most α fraction of the capacity of each edge there still exists a k-splittable flow satisfying all demands.
Baier et al. (2005) proved that the maximum single commodity k-splittable flow problem is strongly NP-hard for directed graphs and they designed approximating algorithms to solve the maximum budget constrained singleand multi-commodity k-splittable flow problem. Koch et al. (2008) considered the maximum single commodity k-splittable problem as a two-stage problem, where the first stage determined the k paths and then determined the amount of the flow value on each path in the second stage. Kolliopoulos (2005) studied the minimum-cost single-source 2-splittable flow problem with the assumption that the minimum edge capacity is larger than or equal to the maximum commodity demand. The author proposed an approximation algorithm using rounding down strategy with factor (2, 1) for minimum congestion and cost. Salazar et al. (2006) considered the single source k-splittable flow problem. They used rounding up strategy and designed an approximation algorithm with factor (1+1/k+1/(2k-1), 1) for minimum congestion and cost under the same assumption as Kolliopoulos (2005) . Truffot et al. (2005 Truffot et al. ( , 2007 Truffot et al. ( , 2008 and Gamst et al. (2010 Gamst et al. ( , 2012 Gamst et al. ( , 2013 used branch-and-price to design algorithms to solve the single-and multi-commodity k-splittable flow problems exactly. Branch-and-price combines column generation and branching strategies to solve large scale mixed integer linear programs. But these algorithms cannot obtain exact solutions in short time which are not suitable for the high speed networks. Caramia et al. (2008) proposed an exact algorithm based on branch-and-bound rules to solve the maximum concurrent k-splittable flow problem. The authors designed a fast heuristic algorithm for the same problem (Caramia, 2010) . The commodities are first routed using an augmenting path algorithm and then a local search routine re-routes part of the paths. considered the minimum congestion of the single source multi-commodity flow problem in the MPLS networks and designed fast heuristic algorithms.
Except some approximation algorithms, such as Kolliopoulos (2005) and Salazar et al. (2006) , there is little study on the algorithms for the bi-objective k-splittable problem of minimizing congestion and cost. Solely minimizing the congestion may increase the total cost of the network, since commodities may use long paths to reduce the congestion. While not considering the congestion, only reducing the cost, commodities may concentrate on using the lower-cost edges which will overload the network drastically. For example, in Figure 1 , a graph is given and a commodity with demand 1 from s to t is requested. Two edge-disjoint paths are used to transmit the commodity. Path 1 P has 1 N > edges, each edge in 1 P has cost 1 C > , and path 2 P has only one edge with cost 1, the capacities of all edges equal to 1. If we only minimize the congestion, the flow value of each path is 1/2, and the total cost is 1/ 2 1/ 2 NC + , the congestion is the minimum value 1/2. If we only minimize the total cost, the whole demand will be transmitted on path 2 P , with minimum cost 1 but maximum congestion 1. This is not a good thing for the real network with such congestion, since other commodities cannot use these edges with congestion values already 1. We hope to find a compromise way to assess the congestion and cost. In this paper, we consider the bi-objective k-splittable flow problem. The demands and path restrictions of all commodities must be satisfied, and the objective function is a convex combination of normalized congestion and cost. In Section 2 we will describe the mathematical model in details. We propose heuristic algorithms in Section 3 and the simulation results are presented in Section 4.
Mathematical Formulation
Given a directed graph ( , , , ) 
. .
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, respectively. Furthermore, we suppose that there is a feasible solution under the new constraints. In this case, the objective function emphasizes the cost, not considering the congestion . We denote the optimal minimum cost by opt Cost .
The first constraints (2) ensure that the flow value on edge e is at most α of its capacity, {0,1}
1 p e δ = , otherwise 0. The constraints (3) ensure that each commodity's demand is satisfied.
Constraints (4) indicate that only path p is used by commodity l , that is Constraints (6) - (8) force the variables to take on feasible values.
Although we describe the above mathematical model exactly, it is difficult to solve it directly. First, it is a mixed integer linear program which is NP-hard to solve. Second, the path set l P denotes all the feasible paths of commodity l in G and it is not an easy thing to obtain it entirely. Third, the number of paths in l P increases exponentially with the network's increasing, and so the size of variables is increasing drastically which will run out of the memory of computer. Finally, obtaining In practice, obtaining exact solutions is time consuming which is not allowed in the high speed transportation networks. The fast heuristic algorithms are more preferable. Choosing the suitable limited number of paths in the k-splittable flow problem is critical for the congestion and cost of the network. In the next section, we propose simple algorithms that quickly find paths for each commodity from a feasible splittable flow that satisfies all demands. We test instances in section 4 to compare the effectiveness of the algorithms.
Heuristic Algorithms
Before describing the heuristic algorithms, we first give three relaxed linear programs, namely Vol. 8, No. 2; 2015 0,
Constraints (11)- (13) 
Constraints (11)- (13) The main idea of the heuristic algorithm we will design is as follows: Firstly, find a feasible splittable flow that satisfies all the demands of the commodities. The splittable flow can be decomposed into | | L sub-flows, one for each commodity; Secondly, find limited number of transmitting paths from the flow for each commodity; Finally, allocate flow value to each path through a simple linear program with the appropriate objective function.
The sketch of the heuristic algorithm is as follows:
Step 1: Find a feasible splittable flow initial f that satisfies all the demands of the commodities in L . The flow
with l f being a flow of value
Step 2 
, ≤ , the number of variables is largely reduced compared to (MI).
In step 2, at the beginning of dealing with the next commodity, say l , we not only use its initial flow l f but also the remaining flow for the previous 1 l − iterations, say 1 l f − . We find paths in
for commodity l . By this way, we can get better paths for the current commodity.
We can see that given different initial feasible flows, we can obtain different algorithms. A may have a better compromise effectiveness in congestion and cost, while 1 A has good effectiveness in low congestion and 2 A has advantage in low cost. To show this, we test 72 instances in the next section.
Computational Results
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Computer and Information Science Vol. 8, No. 2; 2015 We use the Carbin instances, Bl instances and Bs instances, as our testing instances. All the instances have 32 nodes, the number of edges is between 96 and 320, and the number of commodities is between 48 and 320. ( ) R , we compute the resulting total cost of the transmitting paths. Tests were performed on an Intel Core 2.4 GHz processor, 4 GB of RAM. We use CPLEX to solve the linear programs. The experimental results are reported on Table1-Table4 in the Appendix. As for the time spent on the tests of the three algorithms, it has little differences and the most time-consuming part is obtaining the initial feasible splittable flows in Step 1. In this paper, we omit the time results and mainly analyze the results of the congestion and cost values of the three algorithms.
In Table1 and Table2, for each instance name, the first column followed is the number of paths each commodity can use, the next three columns are the congestions obtained by 1 A , 2 A and 3 A , respectively, and the last three columns are the ratios between the congestion values and their optimal lower bounds, A is the poorest among the three algorithms. As for the test results for the 36 Bs instances in Table4, we have similar results.
From the above analysis, we can see that algorithm 1 A performed best in congestion but worst in cost and algorithm 2 A performed best in cost but worst in congestion. It is intelligible since 1 A uses the feasible splittable flow that is obtained from 1 ( ) R which restricts on congestion but not cost. Similarly, 2 A uses the feasible splittable flow that is obtained from 2 ( ) R which restricts on cost but not congestion. As for the algorithm 3 A , the congestion and cost values are between that of 1 A and 2 A . The congestion values of 3 A are closer to that of 1 A than 2 A , and the cost values of 3 A are closer to that of 2 A than 1 A . 3 A has a good compromise between congestion and cost. We conclude that not considering cost in the beginning will cause a high cost, such as 1 A , while not considering congestion will cause a high congestion, such as 2 A .
Conclusions
In this paper, we consider the bi-objective (minimize congestion, minimize cost) k-splittable flow problem. We propose the mathematical model for this problem and use a convex combination of the normalized congestion and cost as the objective function. We propose the sketch of a kind of heuristic algorithms which begins with a feasible splittable flow satisfying all the demands of the commodities. This kind of algorithms is suitable for the general multi-source k-splittable flow problem. We compare three different heuristic algorithms through testing instances and they show different advantages on the effectiveness of congestion and cost. As for this kind of heuristic algorithms, the most time-consuming part is to get the initial feasible splittable flow which is obtained by solving a linear program. If the size of commodity set is large enough, we need to design other fast algorithms which rely on the feasible flows less. In the future, we will continue to study the bi-objective k-splittable problem and design better algorithms. 
